Abstract. We deduce an accurate formula for the number of solutions of the linear equation in generators of finite Carlitz modules, and the equation always has solutions except for some cases. Therefore, we have a criterion for the existence of the solutions of the linear equation. Moreover, we have a similar result in normal bases when we apply our main theorem to a special case.
Introduction
In the 1950s, Carlitz [1] , [2] proved that in a finite field F p with p elements where p is a prime number, for any fixed integer n, the linear equation
such that x 1 , · · · , x n are primitive roots in F p has solutions for a sufficiently large prime p. The basic technique for estimating the number of solutions, which are all primitive roots in terms of Gauss sums over F p , yields the estimation that depends on the number of positive divisors of p − 1. However, if the solutions play another important role in finite Carlitz modules, generators for example, then we may receive not only an estimation but a beautiful formula.
In this paper, let F q denote the finite field with q elements where q is a prime power and let A = F q [T ] be the polynomial ring with coefficients in F q . The degree of the polynomial a in A is denoted by deg a, and the valuation of a is denoted by |a| = q deg a .
Let k = F q (T ) be the quotient field of A and let τ i be the q i th -power Frobenius mapping, i.e., τ i (x) = x q i for all x in k. Let A{τ } be the ring of F q -linear polynomials in one indeterminant x with coefficients in A under composition, that is, for
The Carlitz A-module defined over A is the F q -algebra homomorphism ψ from A to A{τ } defined by
The structure of the Carlitz A-module A is given by
where b a is defined by ψ(a) (b) . Throughout this paper, we fix a monic prime f in A of degree d. Then E 1 = A/(f ) is a finite field with q d elements. Let E m be the finite extension of E 1 of degree m. We have a canonical projection ι from A to E 1 = A/(f ), i.e., ι(a) = a for all a ∈ A. Applying ι to the coefficients of ψ(a) for all a in A, we obtain elements in E 1 {τ } where L{τ } is the ring of F q -linear polynomials in one indeterminant x with coefficients in L under composition for any field L containing F q . Thus, a finite Carlitz A-module is the F q -algebra homomorphism Ψ :
and the structure of the finite Carlitz A-module E m , denoted by C(E m ), is
as an A-module; i.e., C(E m ) is a cyclic A-module. More details can be found in D. Goss [3] .
For any α in C(E m ), we define the order of α, denoted by ord(α), to be the monic polynomial g in A of the least degree such that
The main theorem of this paper is 
where P runs over all monic primes in A and φ is the Euler φ-function for polynomials.
Further, we can deduce that N is always positive if q is greater than 2. A normal basis of E m over E 1 is a basis of the form {β, β
the element β is called a normal element of E m over E 1 . For any α in E m , we also establish some similar results for the number of solutions in E n m of the linear equation
Auxiliary lemmas
In this section, we present some lemmas that will be used in section 3. 
Conversely, we can get N ≥ N , and this concludes the proof.
Let E m be the group of additive characters of E m and let λ 0 be the trivial character in E m . For any a in A and
. Then E m has the A-module structure defined by
We define the order of λ in E m , denoted by Ord(λ), to be the monic polynomial g in A of the least degree such that
We know that
|g|, where #(S) denotes the cardinality of a set S (cf. D. Goss [3] ). Combining the above discussion with the formula h|g φ(h) = |g|, we have
where φ is the Euler φ-function for polynomials. Hence, E m is a cyclic A-module and is isomorphic to A/(f m −1).
Letting µ be the Möbius µ-function for polynomials, we define the characteristic function Ω :
Lemma 2.3. For any α in the finite Carlitz A-module C(E m ), we have
Applying (2.3) and (2.4), we have
Lemma 2.4. Let n be a positive integer and let M be a monic polynomial in A.
Then we have
where
For any monic prime P in A and positive integer k, we have
Since F 1 is a multiplicative function of A into R, we obtain
Lemma 2.5. Let n be a positive integer and G a monic polynomial in A. We have
Applying Lemma 2.4, we get
Since F 2 is a multiplicative function of A into R, we obtain
The main theorem
Let f be a monic irreducible polynomial in A of degree d. 
Proof. According to Lemma 2.2, without loss of generality we may assume that c 1 = · · · = c n = 1. By Lemma 2.3 and the definition of Ω in (2.3), the number N is
For any λ in E m , since #(E m ) = q md , the character sum
Combining these, we obtain
By (2.4), we get
By the definition of µ and H * , we obtain
Applying Lemma 2.4 and Lemma 2.5, we get
This completes the proof.
Here, we illustrate two examples. (1) When n is even, P divides H but P does not divide G.
(2) When n is odd, P divides G.
Proof. When n is even, by Theorem 3.1, we obtain that N = 0 if and only if there is a monic prime P such that P | H, P G, and 1 − When n is odd, by Theorem 3.1 again, we obtain that N = 0 if and only if there is a monic prime P such that P | G and 1 − 
